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Abstract 

Following a recent paper [10] we show that the finiteness of square function associated with the Riesz transforms 
with respect to Hausdorff measure H" {n is interger) on a set E implies that E is rectifiable. 



1. Introduction 



For a Borel measure /i in M'' and s e (0, d] the s-Riesz transform of ^ is defined as 

|— — p:Yd^(2/), x^suppAi, (1) 
and the truncated Riesz transform is given by 

Rt K^) / I My), Rig t^i^) ■■= Rg K^) - Rt i^i^), (2) 

•l\x-y\>e \-'^ y\ 

where x £ R'^, 77 > £ > 0. 

One says that the set C M'' is n-rectifiable, n G N, if there is a countable family of n-dimensional 
submanifolds {Mi}i>i such that {E\ UiMi) = 0, where i?" stands for the n-dimensional Hausdorff 
measure. 

The main result of this note is as follows. 
Theorem 1.1 Let ji he a finite Radon measure in . Assume that for some s G (0,(i] there is a set 
E CZ M.'^' with the property that 

< e'i^* (x) < 00 for all xeE, (3) 
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and the square function 



SiJ.{x) := [ I \Rf 2tlJ'{3^)f — ] < 00 for all x & E. (4) 




Then s is an integer and E is s-rectifiable. 

In particular, if E is a compact set in M"^ with < H^{E) < oo and (4) is satisfied, then s is an integer 
and E is s-rectifiable. 

Here and below, the upper s-dimensional density of /x at a; is given by df^*ix) := limsup^^o ^^^^^r^; 
where B{x,r) is the ball of radius r > centered at x G M™. 

In [1], [2] David and Semmes showed, under certain assumptions on the measure /it, that the bounded- 
ness of all C alder on- Zygmund singular integral operators implies that s is an integer and /x is s-rectifiable. 
Our main result assures that it is, in fact, sufficient to assume pointwisc boimdedncss of a single operator, 
namely, the square function, in order to arrive to the same conclusion. Alternatively, one could view (4) 
almost as a condition 

E |^£fei?^_fc 2-fc+i < cxD yu- a.e.a; e M™, (5) 

feGZ 

where Sk are independent random variables taking the values —1 and 1 with probability 1/2 each. There- 
fore, roughly speaking, the boundedness of the singular integrals of the type J2'kLo £kR2~k 
already guarantees that ^ is s-rectifiable, and the corresponding class of operators is much smaller than 
that of David and Semmes. 

Let us point out that we have already proved the fact that (3)-(4) imply that s is an integer in [5]. 
The present paper, concentrating on the issue of rectifiability, is a sequel to the aforementioned work. 

Ultimately, one would like to show that the conclusion of Theorem 1.1 holds purely under the assump- 
tion that the Riesz transforms Rlfi are bounded in uniformly in £ > 0, or under the condition 

sup |i?^/i(a;)| < oo ii - a.e.x . (6) 

e>0 

This is a long-standing open problem, known as a conjecture of Guy David. At the moment, it has been 
resolved only for < s < 1 ([9], [8]). The proof heavily relies on the curvature of measure estimates from 
[6], which are decisively restricted to lower dimensions. However, in the presence of Theorem 1.1, the 
problem of Guy David in all dimensions is essentially reduced to the passage from (6) to (4). 

Our methodology builds on recent advances in [10], where the author proved that the existence of 
p.v.R^li{x) := limg^o Ret^i^) ^oi /x-a.e. a; S M"* entails that fj, is n-rectifiable. Analogously to the argument 
in [10], one of the main ingredients in our proof is an estimate for the norm of the square function, 
on the graph of a Lipschitz function A, in terms of || VA||2. It compensates for the lack of the curvature 
of measure techniques. Having this at hand, the matters are further reduced to the Leger's construction 
of Lipschitz graphs [4] . In the present note we outline the main stages of the proof, and the details will 
appear elsewhere. 



2. estimates on a Lipschitz graph 

Let us start by introducing some extra notation. As we already mentioned, the case of the non-integer 
dimension was treated in [5], and here we focus on s = n, n G N, n < d. Let H stand for the projection 
{xi, ...,x„, ...,Xd) (.Ti,...,a;„,0,...,0), :=7-n. 

Furthermore, let R^ ii{x), k G 1^, x £ W^, be a version of doubly truncated Riesz transform, defined, for 
example, as follows. If tp^ is a non-increasing radial C°° function with x(i?(0, 1/2)) x(^(0;2)) 
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wc set ^jJj{z) := ^p^{2^z) — 'tp°{2^~^^z), j G Z, z G R'^, so that each ipj is non-negative, supp^j C 
5(0, 2-^+1) \ 5(0, 2-^-2) and X^^ez = 1 in K"^ \ {0}. Then fi is an operator defined analogously to 
(1) with the kernel given by ipj{x - y) j^^^prr. 
It is not hard to show that the condition (4) implies that the discrete version of the square function 

1/2 

xeE. (7) 



SiJ,{x) := j ^ \R'ij,{x)\^ ] < oo for all 
V iez / 



In the course of the proof we will also employ the notation := |n^(-R''At) |^)^^^ and = 

Our reasoning follows closely to [10], replacing i?'s by S"s, and one of the cornerstones of our argument 

is the following L"^ bound for the square function on a Lipschitz graph. 

Theorem 2.1 Let T he an n-dimensional Lipschitz graph T = {{x,y) G M" x M''~" : y = A{x)} and 
let djjL = g{z)dH^{z) with Cj~^ < g{z) < Ci for some Ci > and all z & Assume further that A is 
compactly supported, \\g — 1||2 < C2IIVAII2, and \\WA\\ao < eo- Then for eq = £o(C2) sufficiently small 

\\S^h\\l^(,) « \\Sh\\l^(,) « IIVAII2. (8) 

Sketch of proof. The upper estimate |lS'/x|1^2(^') < C||Vj4||2 docs not require the smallncss of Sq, and 
follows directly by combining (5.10) in [11] with the argument of Lemma 3.1 in [10]. The lower bound, 
[[-^"""MIIl^Cm) ^ C'||VA||2, is more involved. 

Observe that nj/x = p{x) dx with p{x) = g{x)JA{x), where A{x) = {x,A{x)), x G R", and J A 
stands for the n-dimensional Jacobian of A. Take now p,o with supp/io C T such that H^po = dx. Then 
dp{x) — dfio{x) — {h{x) — l)d/zo(a;), h = p(n{x)), and one can show that \\p— 1||2 < C'||Vvl||2, so that 

||/i-i||2<q|vA||2. 

Carefully tracking the argument in Chapter 5 of [10] we deduce that for such a measure /io 

II^^Mo||i.(^„) « E lin^(^>o)||i.(^„) « \\VA\\l (9) 

hence, it remains to estimate the difference between \\S-^p,o\\L^{fj.o) and \\S-^ p\\L2(^i^y However, 

\\\s^PQ\\mt,o) - \\s^p-\\mf,o)\ < ll'5^(M-/-*o)||i2(^„) = ll-^^ie^ - i)c^Mo)||i2(^„) • (10) 

Furthermore, when H^po = dx, one can directly show that the operator S-^ is bounded in L^(/xo), 
with the norm controlled by C||VA||(X). Hence, the right-hand side of (10) is bounded from above by 
C||V^|loc|lft - 1|1l2(m„) < eo\\VA\\2. Then, if eo is sufHciently small, (9)-(10) lead to ||<S'"^m|L2(^^) ~ 
||V^||2, which implies that ||'S'"'"M||i2(ju) ~ ll^^lb since g{x) « h{x) « 1. □ 



3. Prom E to the construction of Lipschitz graphs 

Theorem 1.1 can be reduced to the following Proposition mimicking the main Lemma of [10]. 
Proposition 3.1 Let p be a finite Borel measure in M*^. Assume that there is a closed ball Bq = B[xo,ro) 
and a compact set F c 10i?o with xq & F such that for some positive constants Mi, M2, 81,62 

(i) p{8Bo) = c„8"r^ and p{10Bo \F)< dip{Bo), 

(ii) p(B{x,r)) < Mir" for all x € F, r > 0, and p{B{x,r)) < c„(l + 5i)r" for all x G F and 

<r< lOOro, 
(Hi) \\S\\l2(^,\p),lh^,\p) < M2, 
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(iv) \Re,2slJ'ix)\ + \Re,2el^{x)\ < 62 foT all X & F and < e < J^^ro- 
If 5i = f>i{M2) and 62 = S2{Mi, M2) are small enough, then there exists an n- dimensional Lipschitz 
graph F with the property that 

MrnFnBo)> ^cX- (n) 



Here, 



for some function V with XR<i\B(o,i) < V' < XM<i\s(o,i/2), and Re,2e IJ- = R2e 1^ - Re fJ-, Rs,2s ^ = 
R2e n - Re n , e > 0. 

The reduction from Theorem 1.1 to Proposition 3.1 fohows the general Hnes of the argument in Chap- 
ter 7 of [10]. An important new clement is the need to extract the sets satisfying the condition {Hi) above. 
This is also interesting on its own right, and is stated in the following Proposition. 
Proposition 3.2 Let n be a positive finite Radon measure on R'^, satisfying < 9'^'*{x) < 00 for fi-a.e. 

X E M.'^ . n E N, n < d, and such that Sfi(x) < 00 for fi-a.e. x E . Then for every S > there is a 
compact set E CM."^ such that S is bounded in L'^{i^\e) and i^{M.'^ \E) < 5. 

Sketch of Proof. Following the techniques in [12] and [9], we prove Proposition 3.2 via reduction to the 
operators with suppressed kernels. To this end, let us denote by the square function defined analogously 
to (4) with the integration over t G (e, 00). Also, let be an analogue of (4) with the integrand given by 
i?j 2t, where ^ is a non- negative Lipschitz function with Lipschitz constant less than or equal to 1, and 

RtMx) = ke{x, y) d^^iy), ke{x, y) = k{x, y) ^ ^ ^2^^'^y^e{x)e{yy ^'^^ 

with k{x, y) = |^_^^n+i being the kernel of the Riesz transform. 

First, we show that the square function with the suppressed kernel fjb is controlled by SefJi, in the 
following sense. If for some x G R'' and ro > 

/x(B(x,r)) < Cor" V r > ro, and \Se^l{x)\<Cl V e > ro, (14) 

then \Seii{x)\ < C2(Co,Ci), provided that 9{x) > ro- Next, for every 6 > one can find an open set 
H containing all non-Ahlfors balls (that is, all balls with the property /x(i?) > Afr" for some constant 
M = M{S)) with /i(H) < S and such that \Sefi{x)\ < C{S) for every e > dist{x,]R'^ \ H}, for all x € R'^. 
According to the above, this, in particular, implies that \S$jji{x)\ < C'{5) for every Lipschitz function 
9{x) > dist {XjlR"^ \ H} with the Lipschitz constant 1, for all x e M'*. We claim that for every such 6 

\S0ii{x)\<C iov eYQvy x&W^ =^ Se : L'^ilj) ^ L'^iti). (15) 

Indeed, let Sq be the mapping from / : R"^ — > L'^{dt) to 

Sef{x,t):=^ f k6{x,y)f{y,t)dix{y). (16) 

lt<\x-y\<2t 



Vt 



Then one can employ the non- homogeneous Tl theorem for vector- valued kernels {Tb Theorem 4 in [3]), 
based, in turn, on the earlier developments in [7]. We omit in this note the detailed verification of the 
conditions of the Theorem. The most important part is that the bound Sen{x) < C, a; S M'', amounts to 
Se{'^) S L°°{iJ,,L'^{dt)), where 1 is the identity on R'^ x (0,oo). This, in a sense, plays a role of the Tl 
condition, and allows to conclude that 3$ is a bounded operator on L^{fi, L?{dt)), so that in particular, 
Se is bounded in L^(^) and (15) holds. 

Finally, take 6{x) = dist {x, R'' \ H} and observe that Se coincides with 5 on R'* \ H, so that (15) 
implies that S is bounded on Z/^(/x|c\ff), as desired. □ 
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Finally, it remains to prove Proposition 3.1. This is the most technical part of the argument, which 
mimics the construction of Lipschitz graphs by Leger in [4] . We shall present the detailed argument in a 
full-size paper. 
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